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Abstract—Comprehensive numerical solutions have been obtained for axisymmetric and planar stagnation
point flows of air with foreign gas injection. The injected species are H, H,, He, C, CH,, O, H,0, Ng, Air,
Ar, CO,, Xe, CCl, and I,, at wall cooling ratios of T/T, = (-1, 0-5 and 0-9. Thermodynamic properties are
calculated assuming an inert ideal gas mixture and constant species specific heats; for the transport proper-
ties the rigid sphere model is used in order to eliminate temperature level as a problem parameter. The effect
of injectant thermodynamic and transport properties on the reduction, due to mass transfer, of wall shear
stress, mass transfer conductance and heat transfer rate, are explained with the aid of results calculated
for synthetic injectants with adjusted specific heats and collision cross-sections. The increased pressure
gradient at planar points (§ = 1-0) is found to yield results little different to those for the axisymmetric
situation (B = 0-5), except for the shear stress reduction with light injectants at high wall temperatures.
Thermal diffusion effects with moderate to severe wall cooling are found to be interesting, but of little
practical importance. Engineering correlations for mass and heat transfer are presented. These are of the
exponential form suggested by a Couette flow model, with the blowing parameter B weighted by the factors
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for mass and heat transfer, respectively.

NOMENCLATURE Js species diffusive flux;
a, species weighting constant, equations k, thermal conductivity;
.(20) and (21); Le, Lewis number = pC 9/k;
B, blowing parameter = m/gy or m/gy, ; M, molecular weight;
B, Spalding mass transfer driving force m, mass fraction;
= m/g, or m/g,, rit, mass transfer rate;
C, = pullpp),; N, Avogadro’s number;
C, specific heat; v pressure;
2,  binary diffusion coefficient; Pr,  Prandtl number = C_u/k;
1, dimensionless stream function; q, conductive heat flux (including dif-
g, enthalpy ratio H/H ,, and conductance; fusional conduction if ¢, # 0);
gy  heat transfer conductance A, universal gas constant;
=gq,/(H, — hy): r, radius of an axisymmetric surface;
9 » mass transfer conductance 5,y, streamwise and normal coordinates,
= Jio/m g —my ) respectively;
h, enthalpy; Se,  Schmidt number = u/pZ;
H, total enthalpy; St, Stanton number = p_u.g;
* Computer time for the numerical calculations was T absol}]te temperature;
supplied by the Campus Computing Network of the u,v, velocity components;
University of California, Los Angeles. z,,  dimensionless mass fraction=m,/m,
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ap,  thermal diffusion factor;
B, pressure gradient parameter
= dlnu,/diné;

&, geometrical index;

1, transformed coordinate normal to the
surface;

i, dynamic viscosity;

o, density;

o, collision diameter;

£ transformed coordinate along the sur-
face;

T, shear stress;

v, stream function.

Subscripts
e, free stream,;
es, fluid of free stream composition at

surface temperature;
h, heat transfer;
i species i and j;
m, mass transfer;
o, reservoir,
\ surface (wall);

,2, injected and free stream species, res-
pectively.
Superscripts
a differentiation with respect to 7;
* - zero mass transfer;
t, total energy flux relative to mass

average velocity.

INTRODUCTION
STAGNATION point flows with foreign gas in-
jection have been the subject of numerous
analytical studies. Of primary interest has been
the reduction, due to mass transfer, of the wall
shear stress, the mass transfer conductance
and the heat transfer rate. The simplest situa-
tion is that of an inert binary mixture where
species 1 is injected at the wall and the free
stream contains species 2 only. Solutions to this
problem are of fundamental importance to the
theory of heat and mass transfer in laminar
boundary layers; in addition such solutions
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find engineering application for the prediction
of transpiration, evaporation and sublimation
processes. The useful prior work is as follows.
Baron [1] studied the influence of thermo-
dynamic coupling on heat transfer for the
injection of He and Freon 13 at an axisymmetric
stagnation point. Data were obtained for an
adiabatic wall and cooling ratios down to
T,/T, = 0-4. Sparrow et al. [2] considered the
injection of H,, He, A, CO, and Xe into air,
using exact thermodynamic properties and
transport properties based on the Lennard-
Jones potential model. This study was also
primarily concerned with the effects of thermal
diffusion and diffusional conduction at adiabatic
or nearly adiabatic conditions. Limited data
were presented for cold wall conditions: for
the axisymmetric stagnation point data were
obtained for T./T, = 0-25, while for the planar
stagnation point cold wall cases were not
computed. Libby and Sepri [3] obtained data
for the injection of He and Xe into N, at
an axisymmetric stagnation point; although
properties were modeled to eliminate tempera-
ture level as a parameter, only one value of the
injectant reservoir temperature to free stream
temperature (0-1) was considered. Related studies
which are also pertinent are those of Anfimov
[4] and Gomez et al. [5], who present data
for injection of inert gases into equilibrium air
for hypersonic flow at an axisymmetric stagna-
tion point. Gollnick [6] experimentally studied
diffusional conduction effects by measuring
adiabatic wall temperatures and heat transfer
rates on a porous hemisphere with He and
Freon 13 injection.

The above mentioned work is difficult to use
in fundamental studies of binary stagnation
point flows owing to the diverse objectives, and
the paucity of systematic data. The objective
of the present work is to show clearly the effects
of the problem parameters: comprehensive
calculations have been performed, and the data
presented in this paper are selected for their
instructional value. The free stream is air while
for axisymmetric flows the injected gases are
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H, H,, He, C, CH,, O, H,0, Ng, Air, Ar, CO,,
Xe, CCl, and 1,. This variety of species facilitates
interpretation of the effects of injectant thermo-
dynamic and transport properties on the wall
shear stress, mass transfer conductance and
heat transfer rate. Further illumination is pro-
vided by data obtained for synthetic injectants,
fabricated from various molecules by replacing,
in turn, their specific heat and collision cross-
section by air values. Thermodynamic properties
were calculated assuming an ideal gas mixture
and constant species specific heats; for the
transport properties the rigid sphere model was
assumed. Thus temperature level was not a
parameter of the problem. For each injectant,
calculations were made for a range of values
of T,/T,, in order to establish the effects of wall
cooling. By performing detailed computations
at low injection rates, the anomalous behavior
of heat transfer with light gas injection estab-
lished for turbulent flows [7] is clarified for
laminar flows. Calculations, including the effects
of thermal diffusion and diffusional conduction,
were made for H, H,, He, C and Xe, assuming
that the thermal diffusion factor was independent
of concentration and temperature. These results
will not be emphasized owing to our simplifying
assumptions, and the detailed study of such
effects in [1, 2, 6]. For planar flows calculations
were restricted to He, Air and Xe injectants;
the resulting data is sufficient to allow a display
of the essential differences between planar
and axisymmetric stagnation point flows.
Selected examples of velocity and enthalpy
profiles will be presented to illustrate various
interesting structural features of binary bound-
ary layers. For example, velocity overshoots
of up to a factor of two are found for H injection.
Finally we will be concerned with the correlation
of our data for engineering application.

ANALYSIS
The coordinate system is chosen such that s
is measured along, and y perpendicular to the
surface; the corresponding velocity components
are u and v respectively. For steady, laminar,

stagnation point flow of a binary gas mixture,
the governing conservation equations are

mass:
a € a €Y .
75 (Pur) +—a—y(pvr) =0 (1)
momentum:
du du op 0 ou
P“as"'PUa—y— “"a—s*'a—y(ﬂa—y) 2
species:
om, om, 0 .
i § 1 2 3
pu—=+ pu 5 6y(ll) €)
total enthalpy:
0H 0H o, ,
— -— = - =—(q". 4
pu as+p”ay ayq) )

The geometrical index ¢ assumes a value of 1
for an axisymmetric flow and O for a planar
flow. The mass and energy flux vector are
obtained from the Chapman-Enskog kinetic
theory of gases [8] and are

om, dlnT
= hutdde ¥ - - 5
i1 p@u[ 3 +m(1 —-m)oy 3 :l (5)

oT M
= —k—+j,| h, - ———RT | . (6
q kay+]1[1 h2+aTM1M2 ] (6)
The boundary conditions imposed on the set of
equations are

y=0: u=0; pv=m;
mo=m m+j|g T=T, )]
y—oow: u—u,; m -0, H-H,. (8

Following Lees [9] the transformation s, y — &,
is made where the Levy and Mangler transforma-
tions have been combined in defining

b

P p
= Pl | w L g 9
1= Gt e ©
0
&= {ppurds. (10)
0
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A stream function y is introduced such that

0 G,
pur® = —(;—;:« port = — % (1
and choosing Y(&, 1) = (26)*f(n) leads to
d
== a—{? =/ (12)

Under this transformation the governing equa-
tions for stagnation point flows are, in non-
dimensional form,

Cf"y + 4" =B <f’2 - %) (13)
C T
- [§ zy (L —myor 7{‘ (14)
c N, .,
(-};rg) + fg
C 1
== [g;(gx _gz)ml,s{z; (E; - 1)
T C RTM
ml)rxT? — §aTMM1M2m
o
mprgt | 09)

which are to be solved subject to the boundary
conditions

-zl -

x{ Zy + z (1 —
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Thermodynamic and transport properties

The mixture thermodynamic properties were
computed assuming an ideal gas mixture and
constant species specific heats. The species
viscosity, thermal conductivity and binary dif-
fusion coefficients were computed assuming a
rigid sphere molecular interaction model, viz.

S (RTM\F 1
H=16\ % ) N, o?

5%

= n(Cuyar)

3(RTNE (M, + M, M \as
2MM; N o, +0,2)

and the mixture rules are, following [8]

p@sj = 3

§= -—ﬁu- k—El (19)
Py z Z x,G;,
k=
where
G = 1154 (LY (2 ey
= 2 MM, +1) 7
= 10. =k

The molecular weights, collision cross-sections

=0 (16)

and specific heats were obtained from [10-12]
and are listed in Table 1. In estimating properties

n= f=1
f=0
m / I
i,s ) C )
! +§ 7y +z, (1 “m1)°‘1?
g =g
n—ow: f -1
z, >0 (17)
g— L

The pressure gradient parameter f assumes a
value of { for axisymmetric stagnation points
and 1 for planar ones.

in this manner our objective was to climinate
temperature level as a problem parameter.
Consequently, in those caiculations where ther-
mal diffusion and diffusional conduction were
included, the thermal diffusion factor was also
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Table 1. Thermodynamic and transport properties of the injected gases

. M g C, u k
Spec‘cs M Mair aair Cpair Auair kair SCE
H 1-008 003480 0-7410 2048 0-340 7693 0-164
H, 2016 0-06959 0-8059 1421 0-406 5786 0-245
He 4-003 0-1382 07122 5156 0-733 4177 0-301
C 12:01 0-4146 0-7741 1723 1-075 2:045 0-502
CH, 16-04 0-5537 1-050 2211 0-675 1-421 0739
O 16:00 0-5523 0-8018 1359 1-156 1-708 0570
H,0 18-02 06219 0-7808 1-851 1-294 2311 G578
Ne 2018 0-6966 0-7902 1023 1-337 1511 0-605
Air 2897 1-000 1-000 1-000 1-000 1-000 0-833
Ar 39-94 1-379 09458 0-5168 1-313 0750 0-849
CO, 4401 1-519 1-093 0-8396 1-032 0-816 1002
Xe 1313 4:532 1121 0-1570 1-694 0294 1-200
CCl, 1538 5309 1-651 (-5378 0-845 0-377 1-500
I, 2538 8761 1-432 0-1443 1-443 0-197 1-651

taken to be independent of temperature. In
addition, since data for ay is basically unreliable,
it was also taken to be independent of con-
centration. The constant values of o, employed
were chosen based on data calculated from

Table 2. Comparison of data calculated in the present study with that of Libby and Sepri [3],
B = O'5. Properties as in [3]; the numerical data was kindly supplied by Professor P. A. Libby
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the Kihara formula with the Lennard-Jones
potential [8].

Solution procedure
The method of solution employed in the

in a personal communication

He - N,
Present study Libby and Sepri [3]
C c,
=% T, C.fs ;:—sgi mys C.f¢ P9 My
01 06309 0-8029 0-2265 1030 07985 02198 01017
03 03476 06012 0-3186 04495 0-5964  0-3076 0-4504
05 02220 0-4427 02630 0-8145 0-4404 02525 0-8155
07 0-1568 0-3209 01717 0-9670 0-3201 01647 09669
09 01237 02332 009197 09965 02329 008847 09965
Xe - N,
01 09815 0-8841 001121 0-1755 0-8819 001112 01757
03 09411 0-8022 0-03219 04116 07971 003183 04117
05 0-8959 07267 005123 05614 0-7199 005020 0-5617
07 0-8462 0-6572 0-06795 0-6635 0-6498 006589 06643
09 07922 0-5931 0-08186 0-7368 0-5856  0-07857 07378
111 0-7341 0-5339 009271 07913 0-5264 008798 0-7936
-3 06733 0:4794 009905 0-8336 04725 0-09401 0-8354
15 0-6104 0-4289 01017 0-8667 04228 0-09657 0-8686
17 0-5471 0-3824 0-1007 0-8932 03771 009587 0-8948
19 0-4840 0-3395 0-09657 09145 03353 009202 09157
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present study was developed in [13], where it
was applied to the calculation of a wide range of
boundary layer problems. Formal integration
of equations (13}+15), subject to the boundary
conditions, yields a relation which may be
written in functional form as X = FX, where
F is an operator on X, and is itself a function
of X since it depends on the basic functions in
the conservation equations; X is the solution
vector whose components are the principal
dependent variables of the conservation equa-
tions. The solution procedure is an iterative
one. Special care is taken to restrict the range of
the operator which ensures establishment of a
converging sequence by forcing successive solu-
tions into a region where the Banach fixed
point theorem applies. Weighted averaging of
successive solutions satisfactorily restricted the
operator range for all the cases considered in
this paper. The analytical nature of the solution
made programming a simple matter of organiz-
ing the variables and evaluating the required
integrals. All the integrals are well behaved
functions so that Simpson’s rule was sufficiently
accurate for the quadratures. The number of
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integration steps across the boundary layer was
151 in all cases. Computer time (IBM 360/65
system) was typically 4s per solution for
four place accuracy. Additional discussion of
the method may be found in [13, 14], where the
accuracy and reliability of the method is
demonstrated for several different classes of
problem. Table 2 presents a comparison with
calculations of Libby and Sepri [ 3], and confirms
that our method is reliable for foreign gas
mjection.

RESULTS AND DISCUSSION

The situations computed were as follows.
For the axisymmetric stagnation point (§ = 0-5)
the injectants were: H, H,, He, C, CH,, O,
H,0, Ne, Air, Ar, CO,, Xe, CCl, and 1,. For
the planar stagnation point (§ = 1-0) the in-
jectants were He, Air and Xe. The synthetic
injectants were constructed from He, C, CH,
and Xe by setting, in turn, (i) ¢ = g, (ii)
C,=C,,,» and (iii) ¢ = 0, C, = C,,,. The
effects of thermal diffusion and diffusional con-
duction were studied at § = 0-5 for the injectants
H, H,, He, C and Xe. For all cases three values

Table 3. Data for selected cases; complete tabulations are to be found in [14]

Injectant ~ f§ /T, - Cfs = g - & z G Pr, S
Pr, Se,
H, 05 01 0 0-7555 0-6509 1-3721 31623 0-7402 02451
H, 05 01 05 0-1359 0-0533 0-0068 0-0909 0-7335 1-4198
H 0-5 01 0-05 0-5959 0-7044 1-0960 12838 0-3382 0-3248
H 05 01 0-5 0-1125 0-0167 0-0001 0-0374 0-6693 1:5991
He 05 01 05 02724 0-2315 0-0899 03778 06258 1:4207
He 0-5 09 0 0-9101 0-0654 1-1271 1-0541 0-7402 0-3010
CH, 05 09 05 0-5774 0-0205 0-0637 0-1204 0-6369 1-4663
H,0 05 01 05 0-4482 0-3600 0-3934 2:5758 0-7218 0-8464
H,0O 05 09 0-5 06711 0-0339 0-3241 0-8535 0-7243 0-8778
CO, 0-5 01 0-5 0-4679 0-3822 0-3876 37135 0-7542 0-7641
CO, 05 09 05 0-6207 0-0366 0-3359 1-2585 0-7563 07571
Xe 05 01 1-5 0-3074 0-2421 0-2355 14-3570 0-5880 0-5761
Xe 0-5 09 1-0 0-5667 0-0349 0-2887 36602 0-5839 0-6526
CCl, 05 09 1-0 0-4208 0-0249 02153 27572 0-7178 0-5558
He 10 01 0 0-8820 0-6700 1-2451 31623 07402 0-3010
He 10 01 1-0 0-2295 0-0388 0-0012 0-3206 0-6690 1-5947
He 1-0 09 0 1-1999 0-0688 1-1739 1-0541 0-7402 0-3010
He 1-0 09 08 0-7746 0-0089 0-0091 0-1080 0-6661 1-5831
Xe 1-0 09 2:0 06219 0-0194 0-1834 56993 0-6008 0-5307
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of the ratio T,/T, were considered: 01, 0-5 and
0-9. In all, over 1200 solutions were obtained.
In [13] can be found complete tabulations of
the quantities

(1) the wall shear stress function C,f7/;
(ii) the wall conductive heat flux function
Cygy/Pr;
(iii) the mass transfer conductance function
Czy/8c;
(iv} the wall value of the injectant mass fraction,
ml,s;
(v) the wall value of py/(pu), = Cy;
{vi) the wall value of the Prandtl number, Pr;
(vii) the wall value of the Schmidt number, Sc,.

Table 3 contains a selection of data, including
some of the cases which proved more difficult
to compute; these data might be useful to other
workers for evaluation of accuracy and reli-
ability.

975

The essential characteristics of the data may be
understood on the basis of the assessment of
binary boundary layer flows made by Gomez,
Mills and Curry [4]. The effect of like species
injection (e.g. air into air) in reducing momentum,
mass and heat transfer is revealed by constant
property solutions. Foreign gas injection yields
reductions different to those obtained for like
species injection due to the effect of composition
on mixture transport and thermodynamic
properties. A complex coupling of the conserva-
tion equations results from the property varia-
tions across the boundary layer, and it is only
possible to explain the major trends exhibited
by the data. Property variations influence the
momentum conservation equation most strongly
through the (pu) product, or equivalently,
through C = (pp)/(pu),- The effect is similar
to the response of a compressible boundary
layer with no injection, to changes in wall

10
ook
08
otk
1y; Xe
06
*  osh CCl,,Ar
" o Alr
\"l 0.4 = O
~ C
03
CH,
o2 He
otk H H,
£ 1 i A i i i H
o O 34 o3 o4 o5 e2<3 o7 o8

%

Fic. 1. Effect of mass transfer on wall shear stress. § = 05;
T/T, = L.

Effect of injected species

Figures 1-3show the shear stresst, = udu/dy|,
mass transfer conductance g, =j J/m; ; —
m, ), and conductive heat flux g, = k0T/dy|,
each normalized by their respective zero mass
addition values, at an axisymmetric stagnation
point under “cold wall’ conditions {g, = 0-1).

temperature, for which it is well known that
the wall shear stress is proportional to C,
raised to an exponent of about 0-1. Density is
directly proportional to molecular weight; vis-
cosity tends to increase weakly and somewhat
irregularly with molecular weight. Thus C

s

tends to increase with molecular weight of the
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o] ot 02 03 o4 o5 08 o7 o8

FI1G. 2. Effect of mass transfer on mass transfer conductance.

B =05

injected species, though account must be taken
of the fact that mixture thermodynamic proper-
ties vary with the mass fractions of the compo-
nents, whereas mixture transport properties
vary approximately with the mole fractions.
For a given mass injection rate (—f), the wall
mole fraction x, | is typically much larger
for a light injectant than for a heavy one. Thus,
whereas the viscosity of a light injectant does
have some effect on C, for a heavy injectant

TJT, = 0-1.

C, is essentially determined by the injectant
density. Figure 4a confirms this point; when the
values of ¢ for C and Xe are replaced by the
value for air, we see that t,/t¥ is significantly
affected for the light injectant only. Furthermore,
when g is replaced by o,;, the value of C, at,
for example, —f, = 0-5 changes from 1700 to
1231; the accompanying reduction in shear
confirms the suggested effect of C. A primary
{pp) effect has therefore been identified which

10
09
o8
07 Ip
Xe
%, U6
N
A CCiy
© o5k 02
Ar
Gar airo
2
o3} g C
o2t CH,
01 He
f ) e
b i i b A .
0 [o2 oz o3 04 05 08 o7 o8

=%

FiG. 3. Effect of mass transfer on heat transfer rate. § = 05;
TYT, = 01



TWO-DIMENSIONAL STAGNATION POINT FLOWS

09

o8

oTr

[o2°1

*
Ts

o5F

T/

o4}

03

o2

917

——— True properties

ST o0

o O 02 03

04 05 0-6 07 08

%

FiG. 4a. Effect of injectant collision cross-section on wall

shear stress. § =

results in light injectants being most effective
in reducing shear stress. Turning to heat
transfer, the (pu) effect can be isolated, as again,
for compressible boundary layers, it is known
that at constant Prandtl number the heat
transfer is approximately proportional to C2'1.
It also follows that, for a constant Schmidt
number, the reduction of the mass transfer
conductance behaves in a similar manner.

In ascertaining the effects of non-constant
Prandtl and Schmidt numbers, it is easiest
to first consider the mass transfer conductance.

09
o8l

o7

*
—

06

In/Im

o5F

04t

O3

o2

05; T/T, = O-1.

The Schmidt number is a measure of the relative
rates of transport of momentum and species.
Since Sc = u/p9,,, and 2,, is composition
independent, the value of Sc, is decreased for
heavy injectants via the density; for light
injectants this effect is weakly and irregularly
counteracted via the viscosity. Thus the primary
(pp) effect is strongly augmented by a Schmidt
number effect which, especially for heavy in-
jectants, is essentially a density effect. In fact
it will be seen that the mass transfer conductance
can be well correlated in terms of the molecular

True properties

———= ooy,

Xe

o] 0l 02 03

o4 05 06 07 08

=f
FiG. 4b. Effect of injectant collision cross-section on mass
transfer conductance. f = 0-5; T/T, = O-1.
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True properties

——
S ——

= Xe; CHy
Air
- c
T~ CH4
CH,;C
= He
. 1. | 1 1 i l i
(03] 02 03 04 05 06 o7 o8

-

FiG. 4c. Effects of injectant collision cross-section and
specific heat on heat transter rate. § = 05: TyT, = O-1.

weight of the injectant. Figure 4b shows how,
even for the light injectant C, the effect of setting
oc = 0, is negligible; Sc is independent of o
so that the change in ¢ is felt only indirectly
through the (pu) product. The heat transfer
behavior is more complex. The Prandtl number
is a measure of the relative rates of transport
of momentum and energy. We have Pr = C w/k,
both k and C, increase with decreasing molecu-
lar weight, but C, more strongly so; in addition,
C, increases with the complexity of the molecule.
The weak and irregular increase of p with
molecular weight has an insignificant effect on
Pr. Again the transport property k plays a more
important role for light injectants owing to the
associated large values of x, . Thus the effect
of Prandtl number is to augment the primary
(pw) effect, but not as strongly as was the case
for the Schmidt number. Figure 4c¢ illustrates
well the counteracting effects of k and C, for
He; when C, 4, is set equal to C,,; we see a
dramatic increase in heat transfer accompanying
the lower Prandtl number. The values of g /g*
greater than unity, shown in Fig. 3, are similarly
explained: at low injection rates the wall mole
fractions of the light injectants H and H, are
much greater than their mass fractions, thus
although k_ is markedly changed, the value for

C, remains almost equal to the value for air.
At higher injection rates m, as well as x, |
approach unity and the C, effect dominates.
Also illustrated in Fig. 4c¢ is the effect of the
(pp) product: when o is set equal to g,;, there
is a decrease in the heat transfer, while when
Ocy, 1S set equal to o, there is an increase.
Although C and CH, both have molecular
weights less than air, 6. < g,;, while o, >
6, (see Table 1). The calculated values for C,
are found to be in line with these arguments.

Based on the foregoing assessment of binary
boundary layer flows, and the data presented
in Table 1, the following additional comments
on the important features of Figs. 1-3 are
offered:

(1) Referring to Fig. 1, 1, is as effective as Xe in
reducing the surface shear stress. The lower
viscosity of I, modifies the primary density
effect. A similar statement can be made in
comparing CCl, with Ar as well as for CO,
and air. Although their molecular weights
are identical, CH, is more effective than O
due to the lower viscosity of CH,.

(2) Referring to Fig. 2, the effectiveness of the
injectants in reducing the mass transfer
conductance exhibits a quite regular be-
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havior with molecular weight.
(3) Comparing Figs. 1-3 it is seen that the
effect of injectant molecular weight is most
pronounced in Fig. 2; this feature confirms
the direct augmentation of the primary
density dependence by the additional density
dependence of the mass exchange coefficient

pZ 1

Referring to Fig. 3 the marked effect of the

lightest injectants, H, H, and He in increas-

ing the mixture thermal conductivity adjacent
to the wall is clearly shown. The blowing
and primary (py) effects are overwhelmed

at small values of —f,.

(5) CCl, is more effective than Xe in reducing
heat transfer, as its much higher specific
heat reverses the primary density effect. A
similar statement applies in comparing
CO, and Ar, as well as for CH, in relation
to O and CO.

(6) The relative effectiveness of CH, and He
in reducing heat transfer is particularly
interesting. At low values of —f, He is less
effective due to the higher thermal con-
ductivity of the He-air mixture adjacent
to the wall. Atlarger values of —f, the higher
specific heat and lower density of helium
dominates and He is more effective than
CH,.
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Effect of temperature ratio

Figure 5a shows the effect of wall temperature
ratio T/T, on the reduction, due to mass
transfer, of the wall shear stress. The ratio
T /t¥ is seen to increase with increasing wall
temperature; this behavior is opposite to that
found for zero pressure gradient flows (f = 0,
flat plate or conical), as shown, for example, in
[13]. In the absence of a pressure gradient the
temperature ratio enters the problem only
through the effect on the variation of C =
pu/(pp), across the flow. Increased wall tem-
peratures lead to decreased values of C, and
hence decreased values of 7, Normalization
with t* does not completely remove the effect
of T,/T, owing to the distortion of the C-profile
by mass transfer; the flattening of the profile
near the wall extends the influence of the wall
value of C further into the boundary layer. In
contrast for f = 0-5 both 7, and 7 /t¥ increase
with increasing wall temperature, due to the
effect of wall temperature on the density ratio
p./p, which only enters the problem for § # 0.
An examination of equation (13) shows that a
decrease in p /p, as would be caused by an
increase in T/T, increases the shear stress.
At f = 05 the effect of T,/T, on p,/p outweighs
its effect on C to yield the observed trends.

Figures 5b and Sc show the effect of wall

O =7/%.8=t0
09-7/7,,8:05
05

-4

04

FiG. 5a. Effects of wall cooling and pressure gradient on
wall shear stress.



980 A. F. MILLS and A. WORTMAN
\Q\\\‘\‘:\ 7; / 7; :O'"B =0
\\:\\\\\
B=05,7/7=0105,00—" = mmo.__
06
§ 05_
& o4 BrOSI/T0 %/ %=01B=10
05
o3k 09
o2r
————— Xe
] He
] i H H H i
¢} e2) o2 o3 (s3] o5 [ o7 o8
£
Fi1G. 5b. Effects of wall cooling and pressure gradient on
mass transfer conductance,
temperature on the reduction due to mass of pressure gradient, i.. the differences between

transfer of, respectively, the mass transfer
conductance and the heat transfer. Both the
ratios g,,/g¥ and q,/q* decrease with increasing
wall temperature. The decreases are not as
marked as those found for § =0 flows, eg.
as shown in [13]. It appears that the effect of
temperature ratio on C dominates the behavior
of the species and energy equations, with only
a secondary effect of the density ratio being felt.

Effect of pressure gradient
Also shown in Figs. 5a, b and c are the effects

axisymmetric (f = 0-5) and planar (8 = 1-0)
stagnation point flows. Data are shown for one
value of the temperature ratio, T,/T, = 0-1; the
observed trends are independent of temperature
ratio, except for the shear stress with light
injectants. The ratios of t /¥, g,/g% and q/q}
all increase with pressure gradient, the effect
being most marked for 7 /t¥. Comments similar
to those made above for the effect of wall
temperature ratio apply here as well. The values
of t¥, gy and ¢} all increase with increasing f,
as is most easily seen for the shear stress upon
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FiG. 5¢. Effects of wall cooling and pressure gradient on
heat transfer rate.
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examination of equation (13). A more marked
effect for light gas injectants at high wall tem-
peratures is aiso indicated; in physical terms,
the pressure gradient is more easily able to
accelerate a low density boundary layer.

Effects of diffusional conduction and thermal
diffusion

The effects of diffusional conduction on the
adiabatic wall temperature, and on heat transfer
at moderate temperature ratios (T/T, = 0-25 —
1'1), have been analysed by Baron [1] and
Sparrow et al. [2]. Experimental confirmation
has been provided by Gollnick [6]. The data
that we have selected to present here are for the
more severe wall cooling characteristic of
ablation, where typical species of interest are
H and C. The values of the thermal diffusion
factor o, used were —0-4 for atomic hydrogen
and —0-2 for monatomic carbon vapor. Figure
6 shows the dimensionless conductive heat
flux for a; =0, g(= C,g./Pr), together with
data points for the total conductive flux in-
cluding diffusional conduction. The results for
T,/T, = 0-5 exhibit the augmentation of ordinary
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Fi1G. 6. Effects of diffusional conduction on heat transfer rate.
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Fi1G. 7. Effects of thermal diffusion on the wall mass fraction
gradient. § = 0-5; T/T, = O-1.

conduction by diffusional conduction expected
for injectants possessing negative thermal dif-
fusion factors. For T/T, = 0-1 the effect of
ar # 0 for C is quite negligible; however, for
H the effect of ay # 0 is to produce a decrease
in the total conductive flux. Inspection of the
numerical data showed that this anomaly is
associated with decreased ordinary conduction
due to thermal diffusion lowering m, ,, and
hence k.

In Fig. 7 there is shown the effects of thermal
diffusion on the dimensionless wall mass frac-
tion gradient —Cz;/Sc, (which is the dimen-
sionless mass transfer conductance for a, = 0).
At low injection rates inclusion of thermal
diffusion results in positive values of z, and
associated maxima in the injectant concentra-
tion profiles. The thermal diffusion flux is
directed away from the wall and is large enough
to distort the concentration profile to the extent
of yielding an anomalous positive value of
7 s> ordinary diffusion is thus directed towards
the wall. This phenomena can occur during
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FiG. 8. Velocity profiles at an axisymmetric stagnation
point. T/T, = 0-5; — f, = O-5

ablation under particular thermochemical con-
ditions; it is of interest but the resulting effects
are not large enough to be of practical con-
sequence.

Velocity and enthalpy profiles

Figure 8 shows typical velocity profiles for
the various injectants at T/T, = 0-5, for an
injection rate of —f, = 0-5. Of particular in-
terest are the marked velocity overshoots for
the light injectants, even though there is sub-
stantial wall cooling. An overshoot of 100 per
cent is observed for atomic hydrogen, while
even helium exhibits a 7 per cent overshoot.
Hoshizaki and Smith [15] computed data for
helium injection by numerically integrating
in the velocity plane (Crocco transformation);
in so doing it was necessary to suppress velocity
overshoots. The present results show that such
a constraint is inadmissable for helium injection.
Figure 9 shows enthalpy profiles at various
injection rates for H, injection at T,/T, = 0-5.
The character of the profiles is as expected;
the dramatic increase of wall enthalpy with
injection is clearly seen.

Correlation of mass and heat transfer data

Of primary engineering interest at stagnation
points is the prediction of mass and heat
transfer rates. Following Gomez et al. [S] we

use the exponential correlation functions sug-
gested by Couette flow modeling of the boundary
layer,

a_ B

g, .
Im.i __ m,i~m,i ; B e e 20
g::,i exp (am, iBm, i) - 1 . ;r:,i ( )
9n ay, By m
2 - _2LA - B o= (21)
gr explq, ;B) — 1 ! I
where
ji,s
Im,i = = puSt,, (22)
’ ml s mi.e
g, = —F = pust, 23)
h He - hes e’e"h

Equations (20) and (21) are equivalent to the
Spalding form [ 16, 17]

g _In(Lta®)
¢ a3 T g

modified by the inclusion of species weighting
factors a. Appropriate values of a, ; and a,;
were empirically determined for each combina-
tion of injectant species, f and T,/T, by a least
squares technique. Some discretion was used
in the selection of data points to ensure a best
fit in the range 1-0 > g/g* > 0-25. The exponen-
tial functions were found to fit the data well,
with the exception of heat transfer for the light

(24)
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hin,
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FiG. 9. Enthalpy profiles for H, injection at an axisymmetric
stagnation point. T/T, = 0-5.

injectants H, H, and He. Examination of Fig. 3
suggests that the abnormally high values of
g/q¥* at low injection rates cannot be corre-
lated in a simple manner. Direct use of graphical
or numerical results is indicated for such situa-
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tions, if high accuracy is desired. Table 4 lists
the values of species weighting constants. Figures
10 and 11 show, respectively, plots of a, ; and
a, ;; for clarity data points showing the effect
of wall cooling are omitted when the effect is
small.

Our discussion of the effect of injectant
species on the mass transfer conductance sug-
gests that it should be possible to correlate g, ;
in terms of molecular weight of the injectant.
In Fig. 10 it is seen that the data are indeed
well correlated by the expression

M.\
= 165122 .
()

i

(25)

The correlation of the heat transfer weighting
constants a, ; is not as simple. For monatomic
molecules the ordinate in Fig. 11 is just g, ,,
and for monatomic injectants the data are
satisfactorily correlated by

M \?}
- 13

1

(26)

where the one-third power is well established
in the literature [18]. To account for the effect
of the higher values of C, which characterize

Table 4. Species weighting constants a,, ; and a, ;, to be used in equations (20} and (21), respectively

/T, = 01 TJ/T, =05 /T, =09
Injectant B

G, i Ay, ¢ G, i Ay, Ay, Gy, i
H 05 315 4-57 328 429 344 2:45
H, 05 158 388 167 3-89 167 350
He 05 875 242 9-07 241 9-03 230
C 05 331 1-79 334 177 332 173
CH, 05 2:38 232 2-40 233 2:38 2-31
O 05 2:62 1-69 257 1-66 2-55 1-61
H,0 05 2:33 1-62 236 1-62 2:34 1-60
Air 0-5 — 1-56 — 1-54 — 1-52
Ne 05 2:16 1-51 2:15 147 212 1-44
Ar 05 1-22 132 1-18 1-27 1-15 125
CoO, 05 1-07 1-48 1-04 1-46 1-02 1-44
Xe 0-5 053 0-80 0-52 0-85 0-51 079
CCl, 05 0-40 1-13 0-36 1-08 0-33 1-05
I, 0-5 0-33 065 0-30 063 028 0-61
He 10 8-38 2:26 8-57 2:20 854 2:21
Air 10 — 1-49 — 1-46 — 1-43
Xe 10 0-49 077 0-46 074 044 072
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diatomic and polyatomic molecules, the ratio
of C,; to an equivalent monatomic value $#/M,
raised to a power suggests itself. A simple one-
half power brings the air data into line, and
as Fig. 11 shows, also works reasonably well
for the other injectants. However it must be
mentioned that the specific heat correction is
best omitted for H,O; this anomaly is due to

and A. WORTMAN

the abnormal transport properties of the polar
H,0 molecule. The final correlation recom-

mended is then
Mair + Cpi *
M, ) \$#/M,) -

a, ;= 1-3(

Some comments on the use of the correlation
formulae, equations (20) and (21) are appro-
priate. Mass transfer data are most useful in
mass transfer coefficient form, ie. as a mass
transfer conductance g, ; = j; J(m; , — m, ). In
analytical studies, such as the present one, it is
convenient to specify the rate of injection of the
foreign species; then in solving the species
equation the resulting surface concentration
m, , is obtained. Previous studies, e.g. [1,2],
have presented data for m, . But the most
common technical problems are, for example,
(i) determination of the mass loss from a vaporiz-
ing surface; here m, , is the equilibrium con-
centration corresponding to the surface tem-
perature, and (ii) determination of the reaction
rate of a heterogeneous reaction; here m,
may be zero (diffusion controlled limit), or may
be implicitly determined by the kinetics of the
chemical reaction. In both cases the relation
between diffusive flux j, ; and concentration

27
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difference (m, , — m, ) is required, ie. the mass
transfer conductance. The effect of injection
rate m is then conveniently exhibited by the
ratio g,, /g :

The heat transfer to a surface through which
mass transfer is taking place, is simply the
conduction component of the surface energy
flux, g, = —k 0T/dy|, as can be most easily
seen if we consider transpiration cooling from
a reservoir of enthalpy h, ,; an energy balance
yields

oT

qs = — kgy— == 'h(hm -
i.e. the enthalpy rise of the coolant is equal to
the conductive heat flux. If the thermal dif-
fusion factor o is not assumed zero, then the
diffusional conduction j,a(M/M;M,) T|, must
be added to —k 8T/dy|, in equation (28). Heat
transfer data are then conveniently presented
in the form of a heat transfer conductance
g, = —k0T/8y|J(H, — h,), or Stanton number
St, = g4/p.u,. Use of the enthalpy h,; ensures
that the ratios g,/g; and St,/St¥ are identical to
q,/q¥, and yield the appropriate driving poten-
tial in the unity Lewis number limit.

hi ok (28)

5

ON THE USE OF MASS TRANSFER RESULTS FOR
THE PREDICTION OF HEAT TRANSFER

In Appendix C of their review paper on
laminar binary boundary layer characteristics,
Gross et al. [ 18] evaluate the practice of equating
a value of §*,, experimentally determined using
materials which sublime or evaporate such as
naphthalene or water, to St} (with or without
a Lewis number correction). In their Fig. 37
appear curves of St,/St* which are quite dif-
ferent in character to those in Fig. 1b of the
present paper; the source of the discrepancy
is their incorrect definition of the mass transfer
Stanton number as m/pu(m, . — m, ), rather
than j, /pu(m, , — m; ). With this definition
the ratio St,/St% for H,0 and CO, remains
fortuitously close to unity, and for heavy
injectants attains values much in excess of unity.
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The authors conclude that, whereas for H,O
and CO, St,, could well be interpreted as the
solid wall Sz, for other gas mixtures consider-
able error would arise in the use of such a
procedure.

Comparison of Figs. 2 and 3 of the present
paper shows that, if the mass transfer Stanton
number is correctly defined, the essential analogy
between mass and heat transfer is preserved,
ie. St, will equal St, in the constant property
and unity Lewis number limit. Thus we suggest
that our correlations can be used to predict
heat transfer from experimental mass transfer
data; in so doing both the effects of injection
(St #£ St*) and variable properties will be
accounted for in a rational manner.

CONCLUDING REMARKS

We have obtained comprehensive numerical
solutions for axisymmetric and planar stagna-
tion point flows of air with foreign gas injection.
By considering a wide variety of injectants,
including monatomic and non-monatomic mole-
cules, as well as synthetic models, we have been
able to explain the effect of injectant thermo-
dynamic and transport properties on the reduc-
tion, due to mass transfer, of wall shear stress,
mass transfer conductance and heat transfer
rate. The increased pressure gradient at planar
stagnation points is found to yield mass and
heat transfer data which are little different to
those for the axisymmetric situation. Engineer-
ing correlations for mass and heat transfer have
been developed; these are of the exponential
form suggested by a Couette flow model, with
suitable weighting of the blowing parameter.
The correlations apply to monatomic, diatomic
and polyatomic molecules, for a large range of
wall cooling, and both axisymmetric and planar
stagnation points,
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ECOULEMENTS BIDIMENSIONNELS D’UN MELANGE BINAIRE AUTOUR D'UN
POINT D’ARRET

Résumé—Des solutions numériques générales ont été obtenues pour des écoulements d’air axisymétriques
et plans autour d’un point d’arrét avec injection d’un gaz différent. Les espéces injectées sont H, H,, He,
C, CH,, O, H,0, Ne, Air, Ar, CO,, Xe, CCl, et I, pour des rapports de refroidissement pariétal T/T, =
0,1; 0,5 et 0,9. On a calculé les propriétés thermodynamiques en supposant un mélange de gaz inerte idéal
et des chaleurs spécifiques constantes; pour les propriétés de transport, on utilise un modéle de sphére
rigide afin d’éliminer le niveau de température comme paramétre du probléme. Les effets sur la réduction,
due au transfert massique, des propriétés thermodynamiques et de transport de la contrainte tangentielle,
de la conductance du transfert massique et du flux thermique sont expliqués a I'aide de résultats calculés
pour des gaz injectés théoriques ayant des chaleurs spécifiques et des sections efficaces ajustées. On trouve
que "accroissement du gradient de pression & des zones d’arret planes (8 = 1) donne des résultats peu
différents de ceux relatifs & la situation axisymétrique (8 = 0,5) excepté en ce qui concerne la réduction de
contrainte tangentielle pour des gaz injectés légers a des températures pariétales élevées. On trouve
intéressant les effets de diffusion thermique avec un refroidissement a la paroi modéré ou sévére, mais de
peu d’importance pratique. On présente des relations utilisables pour le transport massique et thermique.
Elles sont de forme exponentielle suggérée par un modéle d’écoulement de Couette avec le paramétre de

soufflage B adapté par des facteurs:
Mair b Ci H
;=13 |—— <5 ; )
’ M, ) \zR/M,;

M.\ ¥
a, ;=165 |-—=);
. M,

respectivement pour les transferts massique et thermique.

ZWEIDIMENSIONALE STAUPUNKTSTROMUNG VON ZWEISTOFFGEMISCHEN

Zusammenfassung—Es ergaben sich umfassende numerische Lésungen fiir achssymmetrische und ebene
Staupunktstrémung von Luft mit Fremdgasinjektion. Die injezierten Gase sind H, H,, He, C, CH,, O,
H,O, Ne, Luft, Ar, CO,, Xe, CCl, und I,, bei Wandkiihlungsraten von T,/T, = 0,1, 0,5 und 0,9. Die
thermodynamischen Eigenschaften wurden unter der Annahme einer idealen Inert-Gasmischung und
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konstanter spezifischer Wirmer berechnet; fiir die Transportgréssen wurde das starre Kugel-Modell
angewendet, um das Temperaturniveau als Parameter zu eliminieren. Der Einfluss der thermodynamischen
und der Transporteigenschaften des eingespritzten Anteils auf die Verminderung der Wandschubspannung,
gemiss dem Massentransport, auf die Verminderung der Massentransportgrosse und der Warmeiiber-
gangsrate, wird erklidrt mit Hilfe von Ergebnissen, die fiir synthetische Einspritzmedien mit angepasster
Wirmeleitfahigkeit und angepassten Stoss-Querschnitten berechnet sind. Es zeigte sich, dass der hohere
Druckgradientan cbenen Staupunkten (f = 1,0) eineleichte Abweichungder Ergebnisse bewirkt, gegentiber
denen der achssymmetrischen Anordnung (f = 0.5 ausser bei Schubspannungsverminderung mit
leichten Injektionsmitteln bei hohen Wandtemperaturen. Einfliisse thermischer Diffusion bei missiger
bis starker Wandkiihlung erwiesen sich als interessant, doch von geringer praktischer Bedeutung. Ingenieur-
missige Beziehungen fiir Massen- und Wirmetransport werden angegeben. Sie haben exponentielle
Form, nach einem Couette-Stromungsmodell; mit dem Anblasparameter B, der von den Faktoren

M, \ M, N Cp
a,,=L65{—lY) 1, =~ 13l 2
' M, ' M, | \3#/M,

fiir Massen- und Wirmetransport bestimmt wird.

JIBYMEPHBLIE HOTOKM BUHAPHBIX CMECE!l B KPUTHYECHKON TOYKE

Anporanus—IToayveHs YMCIIEHHHE PEUIEHNA AJIA OCECHMMMETPHYHBIX M INIOCKMX IIOTOKOB
BOBJyXa B KPUTHYECKOJ TOYKe NpPH BIyBe WHOpOJHOro rasa. Brysamuchk cuemyionide
pemecrsa : Hy, He, C, CHy, O, Hy0, Ne, Bosayx, Ar, CO,, Xe, CCly u 1; npu xosdpduuunenre
oxnaxaenun pasiom T /T, = 0,1; 0,5. PaccunTaHe TepMOJMHAMMYECKHE CBOMCTBA NpH
JONYIUEeHMH WHEPTHON HMUEANBHOM I'as0BON CMeCHM ¥ NOCTOAHHOH yHeNbHOR TEMIOeMKOCTH
06pasua ; AJIA HCKIIOYEHAA TeMIIePATYPHOIO YPOBHHA W3 NMAPaMETPOB 3aJa4M HCIONL3YeTcA
MOJeab RecTKO# cdepnl. Bausiuue TePMOZMHAMHUECKHX CBOMCTE BAYBAeMBIX BeMIECTB HA
yMeHblLIeHHEe HANDMKEHHA TPEHUA HA CTeHKe 3a CYeT MaccoobMeHa, MACCONPOBORHOCTE H
HHTEHCHBHOCTH TeMI006MeHa 00bACHAITCA ¢ HOMOINBI0 YHCISHHO NOJY4YeHHEIX PesyIbTaToR
AJIA CMHTETUYECKMX BAYBAEMHX BELECTB INPH COOTBETCTBYMINX 3HAYEHHAX YAednHOH
TENJI0EMKOCTH U CeYeHMAX coyfapennii, HaltieHo, 4To MOBHIUEHHHH rpafueHT NaBIeHHA B
KPUTHYECKUX TOYKAX g nuockux rtedennuit (B = 1,0) mpuBoguT K pesyisbraTaM, KOTODHE
HESHQYATENBHO OTIMYANTCA OT PEBYNLTATOB HIIA OCECHMMETPHUHOIO ciydas (8 =0,5) sa
HCKIIOYEHNEM YMEHbIIEHNA HAIPAKEHNA CIMBUTA IpH BAYyBe JEMKMX BelllecTs NpH GOMbIIMX
TeMneparypax Ha crenke. Orasbiaercs, yro apeRT TepMOAUGPysuH NpH CTEIeHAX OXIIAMK-
IeHMA CTEHKH OT YMEpEHHHX [I0 NMpejelbHHX MPEeACTABIAIOT MHTEPEC, XOTA M HMEOT He3-
HAYMTENbHOE TIPpAKTHYeCcKoe vHavenue. [IpefcTaBae s HHKeHepHElE OPMYJIB CBASH IIpoIecca
Teno- M Maccomepenoca. 2TH GopMynH HMMEOT DHKCIOHEHUMANBHHN BHI A MOJEIH
KY3TTOBCKOIO TEYEHNA NpPHU liapamerpe BxyBa B, orHeceHHHM K KoodduimenTaM Temio-

maccooOmeHa
% A c ¥
ans =185 (57) 5 ai=13 (5 (¢ Fg)
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